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Abstract 

Strongly correlated electron systems, exemplified by Mott insulators and high-temperature superconductors, 

are fundamentally governed by the Hubbard Hamiltonian. However, the minimal single-band formulation 

often proves insufficient to capture the complexity of emergent low-energy phases. Resonant Inelastic X-ray 

Scattering (RIXS) has emerged as the premier experimental technique, providing momentum-resolved 

information on intertwined charge, spin, orbital, and lattice excitations simultaneously. Theoretical modeling 

of the RIXS spectra, particularly through sophisticated many-body techniques like the Density Matrix 

Renormalization Group (DMRG) coupled with an explicit treatment of the core-hole potential, has become 

an indispensable tool for quantitative refinement of the foundational Hamiltonian. This report details the 

theoretical advancements necessary to accurately simulate the RIXS response, focusing on the critical role of 

the intermediate-state core hole dynamics. Furthermore, analysis of RIXS data reveals crucial limitations of 

the simple Hubbard model, compelling the inclusion of additional, symmetry-specific interactions—such as 

strong nearest-neighbor attractive pairing in cuprate ladders and sizable Hund's coupling in infinite-layer 

nickelates—thereby defining the path toward a universally predictive, yet systematically augmented, 

Hamiltonian for quantum materials. 
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1. Introduction: The Hubbard Model and the Spectroscopic Imperative 

1.1. Foundations of Correlated Electron Physics 

The Hubbard model serves as the foundational framework for understanding electron correlations in narrow-

band systems. Its simplicity—incorporating only nearest-neighbor hopping (t) and strong on-site Coulomb 

repulsion (U)—captures the essential physics of the Mott insulating state: the formation of an insulating gap 

and antiferromagnetism in materials like transition metal oxides. Traditional electronic structure methods, 

such as the Local Density Approximation (LDA) within Density Functional Theory (DFT), systematically fail 

to accurately describe highly localized d and f electron systems due to their inherent limitations in treating 

strong correlations. This failure necessitates approaches that integrate the strong correlation physics, such as 

LDA+U or model Hamiltonian techniques, where the Hubbard U parameter is explicitly introduced. 

While the minimal single-band Hubbard model (t, U) is widely used, the actual physics of materials like 

cuprate high-temperature superconductors is governed by the three-band Emery model on the \text{CuO}_2 

lattice. This model explicitly includes separate on-site repulsions for copper (U_d) and oxygen (U_p), the 

charge-transfer energy (\Delta), and the Cu-O hopping parameter (t_{pd}). The single-band model is often 

derived from the three-band model via projections, typically in the large \Delta (charge-transfer) limit. The 

pursuit of the essential mechanism driving complex emergent phases, such as unconventional 

superconductivity, requires moving beyond merely validating the Mott gap to discovering the specific 

additional terms (e.g., inter-site interactions, electron-phonon coupling) necessary to complete the 

microscopic description. The theoretical effort must therefore shift from purely descriptive modeling to 

predictive refinement of the Hamiltonian. 

1.2. RIXS as the Momentum-Resolved Probe of Many-Body Dynamics 

To achieve quantitative refinement of the Hubbard paradigm, experimental techniques must provide dynamic, 

momentum-resolved access to the correlated degrees of freedom. Resonant Inelastic X-ray Scattering (RIXS) 

fulfills this imperative, distinguishing itself as a second-order, photon-in/photon-out scattering technique that 

probes elementary excitations—including spin, charge, orbital, and lattice dynamics—by measuring their 

dependence on energy loss (\omega_i - \omega_o), momentum transfer (q), and polarization. 

In contrast to Angle-Resolved Photoemission Spectroscopy (ARPES), which typically maps the momentum-

resolved single-particle spectral function of occupied states, RIXS couples to both occupied and unoccupied 

states through the intermediate core-hole state. This mechanism provides crucial information regarding multi-

particle excitations and charge transfer dynamics, which are fundamental signatures of strong correlation. 

Recent technical advancements, specifically the availability of high-brilliance synchrotron sources and 

detector improvements, have increased RIXS energy resolution to below 100 meV. This sensitivity allows 

RIXS to effectively compete with inelastic neutron scattering as a high-resolution probe of magnetic structure 

and dispersion curves in quantum materials. 

The ability of RIXS to measure dispersing excitations as a function of momentum transfer q is key to model 

refinement. Parameters defining the potential landscape of the Hamiltonian, such as U_d and \Delta, are 

initially constrained by static cluster models analyzing core-level spectroscopy (XAS/XES). RIXS then 

provides the necessary dynamic constraint by measuring the dispersion and intensity of collective excitations 

(e.g., magnons or spinons), which are highly sensitive to the inter-site kinetic (t) and interaction (V, J) terms. 

This hierarchical, two-stage constraint process ensures that the theoretical model is accurate both chemically 

and dynamically. 

2. Theoretical Framework: RIXS Formalism and Core-Hole Dynamics 

2.1. The Kramers-Heisenberg Cross-Section 

The RIXS process is mathematically rigorous and is described by the double differential cross-section derived 

from the Kramers-Heisenberg (KH) formula. This second-order perturbation theory requires two interactions: 

one for the initial optical excitation to create the core hole, and one for the subsequent radiative de-excitation. 

The KH formula for the cross-section is proportional to: 

where |i\rangle, |n\rangle, and |f\rangle are the initial ground state, intermediate core-hole state, and final 
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excited state, respectively; E_i, E_n, and E_f are their energies; \omega_i and \omega_o are the incident and 

outgoing photon energies; T_1 and T_2 are the transition operators; and \Gamma is the lifetime broadening 

of the intermediate state. The dependence of the cross-section on the difference between initial and final state 

energies, E_f - E_i, and the momentum transfer q = k_i - k_o, confirms RIXS as a definitive probe of 

dispersing collective excitations. While RIXS spectra can be approximated conceptually as a convolution of 

X-ray absorption and X-ray emission , accurate modeling of correlated materials requires explicit and full 

evaluation of the second-order KH process. 

2.2. The Challenge of the Localized Core-Hole Potential 

A defining complexity of RIXS theory is the strong, non-dispersive core hole created in the intermediate state. 

The attractive potential exerted by this localized core hole on the valence electrons, U_{core}, is exceptionally 

strong. For instance, the attraction between a 1s core hole and 3d electrons (U_{1s, 3d}) in transition metal 

oxides is typically 6–8 eV. Crucially, this potential is comparable in magnitude to the valence band’s on-site 

electron-electron repulsion (U_{3d, 3d}) that defines the Hubbard physics. 

This equality of energy scales means that the theoretical treatment cannot rely on weak-perturbation 

expansions, as the strong core-hole interaction renders such approximations uncontrolled. The creation of the 

core hole drastically changes the local electronic environment, inducing intense screening dynamics. This 

sudden, dramatic change in the local potential effectively acts as an intrinsic "amplifier" for dynamical effects, 

making RIXS uniquely sensitive to correlated electron behavior not easily observed by less invasive probes. 

Furthermore, standard simplified theories, such as the "fast-collision approximation," which assumes the core-

hole lifetime broadening (\Gamma) is the largest energy scale, lead to the unphysical vanishing of the resonant 

inelastic signal. Because the core-hole lifetime (\tau = 1/2\Gamma \approx 4 fs) acts as an internal reference 

clock, controlling the charge, spin, and orbital dynamics during this ultrashort intermediate state , any valid 

theoretical method must explicitly account for the non-linear response of valence electrons to the core-hole 

perturbation and go beyond the fast-collision limit by including multi-particle correlation functions in the 

scattering amplitude. The failure of perturbative methods thus creates a clear mandate for the adoption of 

highly accurate, non-perturbative many-body computational techniques. 

3. Computational Strategies for Dynamical Response Functions 

The intrinsic difficulty in treating strong correlations (U) alongside the transient, strong core-hole potential 

(U_{core}) necessitates the deployment of advanced numerical methods that extend beyond conventional 

band theory approximations. 

3.1. Approximations for Large Systems 

For initial structural and parameter identification, first-principles methods have been augmented. A Hubbard 

model-based approach can be implemented within the Real-Space Multiple-Scattering Green’s Function 

(RSGF) formalism to go beyond LDA. This method correctly accounts for the on-site Coulomb interaction of 

localized d-orbital electrons and has successfully reproduced signature features in XANES spectra for Mott 

insulators like NiO and MnO. The approach highlights the importance of incorporating Hubbard-type 

corrections to gain insight into the electronic structure of strongly correlated materials. 

For extended systems where highly accurate correlation treatment is infeasible, model Hamiltonian 

approaches relying on approximations are utilized. The time-dependent Gutzwiller Approximation (GA), 

combined with the Random Phase Approximation (RPA) (GA+RPA), offers an efficient path to analyze the 

thermal equilibrium properties of the Hubbard model. This method is crucial for calculating linear excitations 

and dynamical correlation functions around symmetry-broken solutions, showing compliance with well-

behaved sum rules, which provides essential consistency checks against fundamental physical constraints. 

The superior performance of GA+RPA over conventional Hartree-Fock plus RPA theory supports its utility 

as an intermediate-scale tool for systems where more rigorous methods are computationally impractical. 
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3.2. Density Matrix Renormalization Group for High-Fidelity Spectra 

For quantitative RIXS analysis, particularly for quasi-one-dimensional (1D) systems, the Density Matrix 

Renormalization Group (DMRG) stands out as the state-of-the-art technique. Prior methods, such as 

numerical exact diagonalization (ED) on small clusters or standard Lanczos techniques, suffer from severe 

Hilbert space truncation or inherent spectral noise, which limits their system size applicability and accuracy. 

The modern RIXS calculation utilizes DMRG, specifically the Krylov-space Correction Vector (CV) 

algorithm, to achieve high-resolution, noise-free spectra that can reach experimental resolution. A major 

strength of this approach is its ability to compute the RIXS response for extended 1D systems, such as the 

Hubbard-Holstein model, while treating electron mobility, strong many-body interactions (U), and the core-

hole interaction term fully and non-perturbatively. This rigorous treatment avoids reliance on simplified 

approximations or diagrammatic expansions that poorly handle correlations. 

The current effectiveness of the DMRG-CV approach, however, is largely restricted to quasi-1D lattices. 

While the results from ladder systems—such as the enhanced pairing found in 

\text{Sr}_{14}\text{Cu}_{24}\text{O}_{41}—are often used to infer the universal physics of 2D cuprates, 

this computational restriction introduces a critical uncertainty regarding the universality of observed 

phenomena. The full dynamical structure of two-dimensional systems remains the most significant 

computational challenge for validating the refined Hubbard model. 

The following table summarizes the comparative strengths and limitations of the primary theoretical 

methodologies currently employed for RIXS calculation: 

Table 1: Comparative Analysis of Computational RIXS Methodologies 

Methodology Applicable 

Hubbard System 

Size 

Handling of Core-

Hole Potential 

Primary 

Output/Excitatio

n 

Limitation 

Exact 

Diagonalization 

(ED) 

Small Clusters 

(~15-30 sites) 

Exact 

eigenvalues/eigenv

ectors 

Full RIXS 

spectrum, low-

energy excitations 

Size restriction 

limits realistic 

momentum 

sampling 

DMRG + 

Correction Vector 

(CV) 

Extended 

1D/Quasi-1D 

Lattices 

High-accuracy, 

non-perturbative 

inclusion 

Momentum-

dependent DSF, 

high-resolution 

RIXS 

Restricted to low 

dimensions; high 

computational cost 

GA + RPA Large 

Lattices/High 

Dimensions 

Mean-field 

approximation 

Dynamical 

correlation 

functions, sum 

rules 

Inherently 

approximate for 

strong correlations 

RSGF/LDA + 

Hubbard 

Real-Space, 

Cluster DFT 

extension 

Effective 

parameterization 

(U, J) 

XAS/XES spectra, 

electronic structure 

Primarily static; 

poor for dynamic 

RIXS response 

4. RIXS Constraints on the Minimal Hubbard Model 

4.1. Static Constraints from X-ray Absorption Spectroscopy 

X-ray Absorption Spectroscopy (XAS) and X-ray Emission Spectroscopy (XES) provide crucial initial 

constraints on the parameters of the Hubbard Hamiltonian. These probes measure electronic features near the 

Fermi energy (E_F) driven by the on-site Coulomb interactions of localized electrons. Interpretation via 

cluster models allows researchers to establish the baseline parameters—such as the copper on-site repulsion 

(U_d), the oxygen on-site repulsion (U_p[span_18](start_span)[span_18](end_span)), and the charge-transfer 

energy (\Delta)—required for the three-band Hubbard model. 

However, XAS data also signals the boundaries of the Hubbard model’s applicability. For instance, XAS 

measurements on the oxygen K-edge in overdoped high-temperature superconductors show a striking 

departure from the underdoped regime, including the non-observation of the upper Hubbard band. This 

spectroscopic result implies a loss of strong correlation effects and suggests a fundamental shift in the most 
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dominant parameters of the system, potentially rendering the single-band Hubbard model inapplicable in this 

phase space. The material effectively moves out of the traditional Mott regime and into a phase that behaves 

more like a conventional metal. This underscores that the Hamiltonian itself is doping-dependent, 

necessitating frameworks like doping-dependent self-energy approximations built upon the Hubbard model. 

4.2. Dynamical Constraints from Resonant Inelastic X-ray Scattering 

RIXS introduces dynamical constraints by probing the momentum dependence of elementary excitations. L-

edge RIXS is particularly powerful, serving as a direct measure of the spin response and providing precise 

details on magnon dispersion and intensity, which directly constrains the effective exchange interaction (J). 

A major challenge for the minimal Hubbard model is its predictive failure regarding correlation hierarchy. 

The theoretical model predicts that spin modulations should be significantly stronger than charge modulations. 

RIXS data from real cuprates, however, often demonstrate an inverted hierarchy where charge correlations 

are more prominent. This discrepancy confirms that the minimal t-U model inadequately distributes 

correlation weight between the charge and spin channels in q-space. This failure points toward the necessity 

of explicitly including the inter-site Cu d - O p Coulomb repulsion (V_{pd}) from the three-band model. 

V_{pd} suppresses local charge fluctuations, and its proper inclusion is critical to matching the dynamical 

features detected by RIXS, highlighting that the simplified t-J effective model loses essential dynamic physics. 

4.3. Probing the Hubbard-Holstein System 

Beyond spin and charge, RIXS offers a pathway to quantify lattice dynamics and electron-phonon (e-ph) 

coupling. To model these phenomena, the Hubbard Hamiltonian must be augmented to the Hubbard-Holstein 

model. Theoretical DMRG calculations of the RIXS response for the Hubbard-Holstein system show notable 

differences compared to spectra obtained using simpler, approximate models like the commonly adopted 

Lang-Firsov models. This divergence confirms that the interplay between electron mobility (t), electron-

electron correlation (U), and the localized core hole (U_{core}) fundamentally modifies the spectroscopic 

fingerprint of e-ph coupling. Consequently, accurate, quantitative analysis of lattice excitations observed via 

RIXS demands a full many-body treatment that explicitly includes these competing interactions. 

5. RIXS-Driven Refinements: Augmenting the Hubbard Model 

RIXS measurements have provided unambiguous experimental proof that the minimal Hubbard model is 

insufficient to describe the full phenomenology of many quantum materials, requiring the inclusion of 

specific, chemically sensitive interaction terms. 

5.1. Dissecting Pairing Mechanisms in Cuprates: The Attractive V 

The study of cuprate ladders, such as the prototypical system \text{Sr}_{14}\text{Cu}_{24}\text{O}_{41}, 

has yielded definitive constraints on the nature of electron pairing. Using high-resolution RIXS combined 

with DMRG simulations, researchers observed that the magnetic response associated with doped hole carriers 

is strongly suppressed—an effect measured as a reduced intensity in the emergent branch of spin-flip 

excitations. 

This finding is fundamentally inconsistent with the predictions of the simple Hubbard model, which suggests 

mobile carriers should enhance spin fluctuations. Theoretical agreement with the RIXS data could only be 

established by augmenting the Hamiltonian with a large, nearest-neighbor attractive interaction (V). This 

augmented model implies that the doped holes do not move independently but form tightly bound pairs with 

d-wave-like symmetry. This robust, enhanced pairing, strengthened by the attractive interaction by nearly an 

order of magnitude, was observed to persist up to temperatures of at least 260 K, far exceeding the 

superconducting transition temperature (T_c). This discovery provides compelling dynamic spectroscopic 

evidence for "Beyond-Hubbard pairing," confirming that this inter-site attractive term is necessary for 

achieving a realistic description of the superconducting precursor state. By observing the consequences of 

strong pairing (suppressed spin fluctuations) at high temperatures, RIXS provides a crucial theoretical 

benchmark for models aiming to predict high-T_c superconductivity. 
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5.2. Multi-Orbital Physics in Nickelates: The Role of Hund’s Coupling (J_H) 

The recently discovered infinite-layer nickelate superconductors present a different challenge for the Hubbard 

model. While initial theoretical work suggested they could be described by an effective one-band Hubbard 

model around optimal doping, their intrinsic multi-orbital nature demands careful examination. 

Ni L-edge RIXS measurements in doped nickelates revealed a distinct phenomenon: a softening of the d-d 

orbital excitations upon doping. Theoretical analysis of the multi-orbital system demonstrated that this 

observed spectral softening could only be reproduced quantitatively if a sizable Hund's coupling (J_H) was 

incorporated into the modeling framework. This RIXS constraint establishes that nickelates operate in a 

complex, multi-orbital regime where the crystal field splitting (\Delta) and Hund's coupling (J_H) compete 

effectively to define the ground state and dynamic properties. 

The fact that cuprates require the addition of an attractive inter-site interaction (V) for pairing dynamics, while 

nickelates demand a specific strength of Hund’s coupling (J_H) to govern orbital and d-d screening dynamics, 

demonstrates that the necessary refinements to the Hubbard model are not universal. RIXS thus acts as a 

bespoke diagnostic tool, identifying the dominant local or non-local interaction missing from the minimal 

model for each specific material family, providing targeted parameters for the refined Hamiltonian. 

Table 2: Spectroscopic Constraints on Augmented Hubbard Models 

Material 

Family 

Prototypical 

System 

Spectroscopic 

Probe 

Observed 

RIXS 

Anomaly 

Implied Model 

Augmentation 

Significance 

Cuprate 

Ladders 

\text{Sr}_{14}\

text{Cu}_{24}\

text{O}_{41} 

Cu L-edge 

RIXS 

Strongly 

suppressed hole 

spin-flip 

excitation 

Nearest-

neighbor 

attractive 

interaction (V) 

Evidence of 

robust, high-T 

d-wave pairing 

(Beyond-

Hubbard) 

Infinite-Layer 

Nickelates 

\text{NdNiO}_

2 

Ni L-edge 

RIXS 

Softening of d-

d excitations 

upon doping 

Sizable Hund’s 

Coupling (J_H) 

Confirms 

critical 

competition 

between \Delta 

and J_H in 

multi-orbital 

physics 

1D/2D 

Cuprates 

Various O/Cu K/L-edge 

RIXS 

Anomalous 

charge/spin 

correlation 

hierarchy 

Necessary 

inclusion of 

long-range and 

V_{pd}[span_7

2](start_span)[s

pan_72](end_s

pan) terms 

Highlights 

limitations of 

the single-band 

effective model 

6. Conclusion and Future Outlook 

6.1. Synthesis and the Refined Hubbard Paradigm 

The detailed theoretical analysis of the Hubbard model, facilitated by the stringent, momentum-resolved 

constraints provided by RIXS, confirms the enduring relevance of the model while simultaneously revealing 

its fundamental incompleteness. Accurate simulation of RIXS data critically depends on sophisticated 

numerical methods, such as the DMRG-CV algorithm, which can non-perturbatively manage the competing 

energy scales of the electron-electron interaction (U), electron mobility (t), and the strong, transient core-hole 

potential (U_{core}). 

Empirical RIXS results compel the transition from the idealized, minimal Hubbard model to a systematically 

augmented framework. The identification of a necessary strong attractive nearest-neighbor interaction (V) in 

cuprates, required to explain suppressed spin dynamics and enhanced pairing , and the critical inclusion of 

Hund’s coupling (J_H) to interpret d-d orbital dynamics in nickelates , demonstrates the necessity of 
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chemically specific refinements. RIXS thus transforms the theoretical model from a qualitative description of 

Mott physics into a quantitative descriptor of complex, exotic quantum phases. 

6.2. The Next Frontier 

The path forward for theoretical RIXS analysis is defined by overcoming current computational limitations 

and expanding into non-equilibrium dynamics. The immediate and critical theoretical challenge remains the 

robust extension of high-fidelity DMRG-CV calculations to fully two-dimensional lattices, which is necessary 

to definitively bridge the gap between quasi-1D ladder physics and the properties of planar high-T_c 

compounds. Furthermore, the advent of X-ray free-electron lasers mandates that future theoretical work 

incorporate time-resolved RIXS, shifting the analysis of the Hubbard model into the non-equilibrium regime. 

This will require the development of real-time evolution methods for correlated Hamiltonians to study 

ultrafast dynamics and pump-probe induced phase transitions, offering unprecedented insight into the 

microscopic mechanisms that govern phase competition in quantum materials. 
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